If R is a Noetherian hereditary prime ring with Jacobson radical Jφ (0) then, it has been shown that the /-adic completion of R is a Noetherian hereditary semi-prime ring; it is prime if and only if the maximal ideals of R form a single cycle. Among other things, one also finds the result: If R is a right Noetherian semi-local ring with Πn=i/ n -(0) then, R is /-adic complete if and only if it is right linearly compact and / has the right ^4improperty.
As is clear from the literature, it is not known whether R, the J-adic completion of a Noetherian hereditary prime ring R with j φ (0), is (right) Noetherian. It has been shown here that R is Noetherian. The approach taken proves not only this but also that R is hereditary and semi-prime. In view of Michler's structure theorem for semi-local Noetherian hereditary prime rings [13; 6.5], the structure of R then is completely determined since, in the present case, R decomposes into prime rings each complete in its radical topology. Thus the theorem generalizes the corresponding result for Dedekind prime rings obtained in [6] . (It is immediate that if R is a Noetherian semi-local ring which is either hereditary or serial then R is Noetherian, and respectively hereditary or serial.) Section 3 is concerned with the above result on HNP-rings (Hereditary Noetherian prime rings), and § 4 gives a necessary and sufficient condition so that R be an HNP-ring. Section 1 gives preliminaries. Section 2 contains some general results needed for the main theorem; in particular, it contains some properties of the endomorphism ring of a quasi-injective module over a semi-local ring satisfying some additional conditions. 1* Preliminaries* All rings considered have unity, need not be commutative and the modules are unitary. J denotes the Jacobson radical of a ring R. J? is said to be semi-local if R/J is Artinian. An ideal J of a ring has the right Ai2-property if for each right ideal B there is an n such that B Π /* cBI.
The socle of a module M is denoted by socΛf. The socle series of a module M is the ascending sequence {soc n M: n ^ 0} of submodules of M defined as follows: soc 0 If iϋ is a semi-local ring with Π?=i ^* = (0) t^e n the J-adic completion R of ϋ? is defined as in the commutative case. One takes for a neighborhood base of zero the set of all the powers of J. This defines a topology on R with respect to which it is a topological ring. This topology gives rise to a metric on R. R is the completion of this metric space R and it turns out that R is a ring containing J? as a subring, and is complete in its radical topology; further, R is semi-perfect. For more details one is referred to [1] and [12] , Note that R can also be realized as the inverse limit, Proof. Since E is finite-dimensional, S is semi-perfect and the radical of S, say H, consists of all feS which annihilate essential submodules of E. In particular, if / is in H, kerfφ (0). Now let T be a left ideal of S contained in H. Suppose A R = ann^Γ = Π/erker/. Since E is Artinian, the family of all submodules of E of the form ( * ) ker f n ker/ 2 n Π ker/» > where f i e T, has a minimal member. Suppose (*) is a minimal member of this family. Then for any feT, one has ker/n kerΛ Π Π ker/ % = ker/ t Π Π ker/. . This implies that ker/r) ker/I Π Π ker/ w and hence
Define g(e) = (/i(e), , /»(e)), where eeE. Then g is an jβ-homomorphism of E into E@Eξ& ••• @E, the direct sum of n copies of E. Clearly, ker g = A R . Now, let fe T. Then f(A) = (0) Conversely, suppose R is right linearly compact and J has the right AR-property. By [9; 4.7] , the right AϋJ-property for J implies that R is isomorphic with the biendomorphism ring of E R , where E R is the injective hull of the right Λ-module R/J. It is clear that E R is an injective cogenerator in the category of right ϋJ-modules. In [16; p. 342] , it has been shown that a ring is right linearly compact if and only if every injective cogenerator in the category of right modules over it satisfies the doule centralizer property and is quasi-injective over its 22-endomorphism ring. (A module M B has the double centralizer property means the canonical ring homomorphism of R into the biendomorphism ring of M R is onto.) Hence, in the present case, it follows that R ~ R, since E R is faithful. This completes the proof.
It should be noted that the above theorem is no longer true if one drops the Noetherian hypothesis. For example, a semi-primary ring is always J-adic complete; but a right linearly compact semiprimary ring has to be right Artinian. In a slightly different direction one can show the following: If R is a semi-local ring with Πn=i J n = (0) such that it is J-adic complete, then R is right Noetherian if and only if it is right linearly compact. For, if R is right linearly compact then R R and each homomorphic image of it have finite uniform dimension [16] , Hence, if A Φ 0 is a right ideal of R, then A Φ AJ and A/AJ is finite direct sum of simple modules. Completeness of R implies that A is finitely generated [12; 2.3 (i)].
Some lemmas and propositions, needed later on, are given below. Proof. It is sufficient to note that S is a semi-perfect ring and radS = ann^socΛfjβ), the socilί^ being a left module over S. 
LEMMA 3. Let R be a semi-local ring with Jacobon radical J and M, a right R-module with essential socle. If S = End M R and if H denotes the ideal of S consisting of the elements which annihilate essential submodules of M, then for each n,
H n c ann^ann^ J n ) . If further, M= Uϊ=i socjf, then Γin^H* 1 = (0).
Proof, It is well known that H -

If R is a semi-local ring then the above two conditions are equivalent to the following one:
(iii) J has the right AR-property.
It is well known that if T is a direct sum of the injective hulls of nonisomorphic copies of simple right i?-modules then it is a (minimal) cogenerator in the category of right iϋ-modules. This means every right ϋ?-module can be embedded in a direct product of the copies of T. PROPOSITION 
// R is an arbitrary ring for which the equivalent conditions (i) and (ii) of Prop, 6 hold then Γ\n=iJ n = (0). In particular, if R is a semi-local ring whose Iacobson radical J has the right AR-property, then ΠϊU
Proof. Suppose K = Γ\n=iJ n Φ (0). Since for each injective right iϋ-module E with essential socle, E = U«=i &oc n E, it is clear that K annihilates injective hull of each simple right iϋ-module. Consequently, K annihilates the (minimal) cogenerator in the category or right ϋί-modules. This implies K annihilates every right ϋ?-module. Thus K Φ (0) leads to a contradiction.
Before stating one more theorem of this section a definition is needed. For each n = 1,2, , M n denotes a product of n copies of a module M R . If each module, which is isomorphic to a submodule of a factor module of M n for some n, can be embedded in a product of copies of M, then M is said to be a self-cogenerator. Obviously any cogenerator in the category of iϋ-modules is a selfcogenerator. THEOREM Proof, (i) Since J has the right Aiϋ-property, by Proposition 6 M R = U^iSoc^-Mi?-By Lemma 3 the conclusion follows.
Let R be a semi-local ring whose Jacobson radical J has the right AR-property, M R a quasi-infective module with essential socle, S = End
(ii) Since M R is Artinian, by Theorem 1 S is left Noetherian 3* HNP-rings* It has been shown by Chatters that any hereditary Noetherian ring R satisfies the restricted minimum condition for both left and right ideals. As a consequence, the Jacobson radical J of such a ring has both left and right Aiϋ-property. If the ring R is prime with J Φ (0), then J is essential right ideal in R and therefore R/J is Artinian. Thus any HNP-ring with J Φ (0) is semi-local and its radical J has the AR-property.
In [18; Thm. 4], S. Singh shows that if R is an HNP-ring which is not right primitive then the injective hull E of a simple right jR-module has a unique ascending chain of submodules
whose union is E, and the members of this chain are the only submodules of E. This, in particular, clearly shows that E is Artinian. It has been also shown that the endomorphism ring of such a module E is a local Dedekind domain which is complete (and left and right PID). With these remarks, one can have the following. THEOREM 
Let R be an ΉNP-ring with J Φ (0). Then the injective hull of any simple R-module is Artinian over its endomorphism ring.
Proof. Let E be the injective hull of a simple right i?-module. R is finitely generated over its R/J m -endomorphism ring, and so over its iϋ-endomorphism ring.
As x m R is fully-invariant submodule of E R , its i2-endomorphism ring is isomorphic to the ring D/&τm D (x m R). Clearly as a module over D/aτm D (x m R) and as a module over its iϋ-endomorphism ring,
x m R has the same submodule structure. Hence over D/axm D (x m R) f and therefore over D, x m R is finitely generated left module; consequently the socle of D E is finitely generated. This completes the proof. LEMMA 
Let M be α right module over α ring R and S = End M R . Suppose S contains a finite set of orthogonal idempotents e i, '' , e n such that 1 = e x Λ Ye n . If for each i -1, , n, e t M is Artinian (Noetherian) over its endomorphism ring eSe^ then S M is Artinian {Noetherian).
Proof. A = e x Se λ φ φ e n Se n is a subring of S containing the unity. Also M R = e x Mφ φ e n M. It is easy to see that A M, and therefore S M, is Artinian (Noetherian).
One is now in a position to have the following THEOREM 
Let R be an HNP-rmgr with Jφ(ϋ). Then the Jadic completion R of R is a Noetherian hereditary semi-prime ring.
Proof. Let E R be an injective hull of the right iϋ-module RjJ, and S = End-E^. Clearly E R is an injective cogenerator with finitely generated essential socle. Since E R is a finite direct sum of inde-composable injectives, each Artinian over its endomorphism ring (Theorem 9), by Lemma 10 8 E is Artinian. Further, E R itself is Artinian and a self-cogenerator. Thus by Theorem 8 (iii), 8 E is an injective cogenerator in the category of left S-modules and S is left Noetherian and complete. Now, Theorem 8 (iii) applies also to S E and it follows that End^l? is right Noetherian and complete in its radical topology. Since the radical J of R has the AJ?-property, by [9; 4.7 ] R = End s E. This shows that R is right Noetherian. By symmetry, and the uniqueness of R (up to isomorphism), it is both left and right Noetherian. Now, as R is an HNP-ring, each factor module of E R is injective. Thus all requirements of [14; 2.1] are satisfied by the module E B , namely, E R is injective self-cogenerator and every finitely cogenerated factor of E R is injective. Therefore S is left semi-hereditary. Since S is left Noetherian, it is left hereditary. Now the same arguments hold for S and 8 E, and hence R ~ End s E is right hereditary. Being Noetherian, R is both left and right hereditary.
It remains to see that R is a semi-prime ring. For this, first let x 6 R be a right regular element. Since xR = R under the map xr -> r, it follows that xR = R under the map xr ->f (see the proof of [6; 3.4] ). Thus x is also a right regular element in R. In particular, every regular element of R remains regular in R. Now as R is a Noetherian hereditary ring, by a well known theorem of Chatters [3] , R = A φ B where A is an Artinian and B a semi-prime ring. Since R is prime, J is essential in R and hence contains a regular element t. Therefore t is regular in R and is contained in its Jacobson radical J. This implies that R cannot have a minimal left or right ideal. Thus A = (0) and R is semiprime. Firstly, it can be easily seen that, in general, R need not be prime. For this, let S be a commutative Dedekind domain, say the ring of integers, and P lf P 2 ,
, P m a finite number of nonzero prime ideals of S; (obviously P t are maximal). Let M be the complement of the union of P lf , P m . The quotient ring S M , with respect to the multiplicative system M, is again a Dedeking domain with exactly m maximal ideals [21; Example 2, p. 227, Example 2, p. 270]. This ring S M serves the purpose; (when S is the ring of integers and Pi prime numbers such that P, = (p t ), S M is the ring consisting of rationale with denominators not divisible by any of the p t ). Set R = S M , and let M l9
, M m be the maximal ideals of R; then its Jacobson radical
. © lim (R/M£).
Thus R is not indecomposable, and so cannot be a prime ring.
For describing conditions intrinsic to R, which render R of Theorem 11 prime or not prime, a theorem of B.J. Muller is helpful. Before stating this theorem, some definitions are needed.
Let R be a right Noetherian ring, S = Π?=i Pi a semi-prime ideal, where the prime ideals {P lf .. , P n } are supposed to be incomparable. S is called right-localizable if the multiplicative set ^(S) = {ceR\cxeS implies xeS} is right Ore. Let p 8 denote the left exact radical corresponding to the torsion theory determined by Ps(R) is an ideal of R. The image ^%S) of ^(S) under the canonical map i2 -> R -R/p s (R) is a regular right Ore set in R when is right Ore in R. The (classical) right quotient ring of R w.r.t. ~W(S) is defined to be the right quotient ring of R at the semi-prime ideal S, and is denoted by R s . R s happens to be a right Noetherian semi-local ring (when S is right-localizable).
S is called right-classical if it is right-localizable and if, in addition, the Jacobson radical of R s has the right Aβ-property.
A ring R is Noetherian, means it is left and right Noetherian; the same applies to the terms like localizable, classical etc.
A nonempty finite set {P 19 Since R s is semi-perfect, Theorem 16 implies that {P lf -..,P Λ } is uniquely partitioned into clans, and clans correspond to centrally indecomposable central orthogonal idempotents of R s . For these results, and the above preliminaries, one may refer to [15, 9] . Now coming to the main objective of this section, first note that if R is an HNP-ring with J Φ (0), then its maximal ideals fall into disjoint cycles [4] ; a clan of maximal ideals is a cycle and vice versa [15; §3.3] . Further, for any semi-local ring R with Jacobson radical J, ^(J) consists of the units of R; J is localizable, and jR = Rj = R. Thus, in Theorem 16, if R is also a semi-local ring and S its radical then R and R s coincide. The following theorem is now obvious. 
REMARKS. (i)
The referee has brought to the author's notice a recent paper of P. Vamos [19] in which, among other things, it 296 V. K. DESHPNADE has been shown that if R is a semi-local ring satisfying a polynomial identity, then R is a Noetherian semi-local Pi-ring satisfying all the identities of R, and R has Morita duality.
If R is an HNP-ring with J Φ (0), by Theorem 2, R is (both left and right) linearly compact. Since R is a direct sum of HNPrings, it is easy to see that the -β-injective hull of R/J is Artinian. Thus, by [16; Cor 2, p. 344], R has Morita duality in this case also. In fact, any complete Noetherian semi-local ring whose minimal injective cogenerator is Artinian, has Morita duality.
(ii) The present paper lists commutative Noetherian rings, Noetherian Pi-rings, Noetherian serial rings and HNP-rings as the known classes of rings over which the injective hull of any simple module is Artinian. As is now clear, the completion of a Noetherian semi-local ring belonging to any of the above classes is Noetherian. Hence one would be tempted to ask the following question (which will be left as open):
If R is a Noetherian semi-local ring over which the injective hull of any simple module is Artinian, is R Noetherian?
Note that for such a ring R, the Jacobson radical J has the Aβ-property.
(iii) In [11] , it has been shown that if Λf is a maximal ideal of a Dedekind prime ring R and P is any maximal right ideal containing M, then the M-adic completion R of R can be realized as the biendomorphism ring of the injective hull of the right 12-module RIP (and J? is a local principal ideal domain). In view of [9; 4.7] and [13] , this result generalizes, with appropriate modifications, to the case where R is an HNP-ring and M its Jacobson radical. An obvious question is: Can same thing be said when R is an arbitrays HNP-ring and M any invertible ideal?
The author proposes to further exploit Theorem 16 in a separate communication; as a consequence of the results ontained there, one will find an affirmative answer to the above question.
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